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Abstract 

In this paper we consider transformation formulas for 

OO OO 

X(m)x(2n + 1) (2n -h 1)'* ^ g’r»m( 2 n+i) 2 /fe^ 

7Ti=l n = 0 

We derive reciprocity theorems for the sums arising in these transformation formulas and investigate certain 
properties of them. With the help of the character analogues of the Euler-Maclaurin summation formula 
we establish integral representations for the Hardy-Berndt character sums S 3 _p (d, c : x) a-nd S 4 ,p (d, c : x)- 
Keywords: Dedekind sums, Hardy-Berndt sums, Bernoulli polynomials, Euler-Maclaurin formula. 
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1 Introduction 

Berndt [5] and Goldberg [13] derived transformation formulas for the logarithms of the classical theta functions 
0j{z), j = 2,3,4 . In these formulas six different arithmetic sums arise that are known as Berndt’s arithmetic 
sums or Hardy sums. Goldberg [13] show that these sums also arise in the theory of rm{n), the number of 
representations of n as a sum of m integral squares and in the study of the Fourier coefficients of the reciprocals 
of Oj{z), j = 2, 3,4. Three of of these sums, which we call Hardy-Berndt sums, are defined for c > 0 by 

S{d,c) = E (-l)"+i+[''-Tl, s,{d,c) = E (-1)” (^) , S4{d,c) = E , 

where Bp (x) are the Bernoulli functions (see Section 2) and [x] denotes the greatest integer not exceeding x. 

Analogous to Dedekind sums these sums also obey reciprocity formulas. For instance, for coprime positive 
integers d and c we have [5, 13]: 


S(d, c) + S(c, d) = 1, if d + c is odd, 

2 s 3 (d, c) — S 4 (c, d) = 1 — - , if c is odd 

c 


( 1 ) 

( 2 ) 


and [18] 


S 4 (c, d) -|- S 4 (fi, c) = — 1 -I- cd (mod 8). 

We note that various properties of these sums have been investigated by many authors, see 
17, 18, 20, 21, 22, 23], and several generalizations have been studied in [8, 9, 12, 15, 19]. 


[2, 5, 6, 7, 13, 16, 
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A character analogue of classical Dedekind sum, called as Dedekind character sum, appears in the transfor¬ 
mation formula of a generalized Eisenstein series G {z,s : x '■ ^ 1 ,^ 2 ) (see (6) below) associated to a non-principle 
primitive character x of modulus k defined by Berndt in [3]. This sum is defined by 

s (d, c : x) = i] X (n) Bi (^) 

n—1 ^ ' 

and possesses the reciprocity formula 


s{c,d:x) + s{d,c:x) = 

whenever d and c are coprime positive integers, and either c or d = O(modfc) ([3]). Here Bp^^{x) are the 
generalized Bernoulli functions (see (5) below) and (0). The sum s{d,c ■. x) is generalized by 

Sp (d, c : x) = ^ X in) Bp^^ Hi 

n—1 ^ 

and corresponding reciprocity formula is established ([11]). 

To the writers’ knowledge generalizations of Hardy-Berndt sums, in the sense of Sp (d, c : x) ^ have not been 
studied. To introduce such generalization, originated by Berndt’s paper [3] and the fact 

00 00 I 

log6»4 (z) = -2 

m —1 n—0 

we set the function B iz,s : x) to be 

00 00 

H (z, s : x) = E E x(Hx(2n + 1) (2n + I)*”' e"™(2n+i)./fc 

m—1 n—0 

for Im{z) > 0 and for all s. 

The objective of this paper is to obtain transformation formulas for B {z, s; x) and investigate certain prop¬ 
erties of the sums that arise in these formulas. These are generalizations, containing characters and generalized 
Bernoulli functions, of the sums ^(d, c), S 3 (d, c), S 4 (d, c) and the sums considered in [8]. We will show that these 
sums satisfy reciprocity formulas in the sense of (1) and (2). We also give integral representations for them. 

A brief plan of the paper is as follows: Section 2 is the preliminary section where we give definitions 
and terminology needed. In Section 3 we state and prove main theorems concerning transformation formulas 
for B{z,s;x)- In Section 4 we give definitions of the character analogues of Hardy-Berndt sums and prove 
corresponding reciprocity theorems. We present some additional results in Section 5, in particular we derive 
several interesting formulas relating these sums by employing fixed points of a modular transformation. In the 
final section we apply the character analogues of Euler-Maclaurin summation formula to give an alternative 
proof of one of the reciprocity formula. 

2 Preliminaries 

Throughout this paper x denotes a non-principal primitive character of modulus k. The letter p always denotes 
positive integer. We use the modular transformation (az + b) / (cz + d) where a, b, c and d are integers with 
ad — bc= 1 and c > 0. The upper half-plane {x + iy : y > 0} will be denoted by HI and the upper quarter-plane 
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[x + iy : X > y > byK. We use the notation {a;} for the fractional part of x. Unless otherwise stated, 
we assume that the branch of the argument is defined by —tt < arg z < tt. 

The Bernoulli polynomials Bn{x) are defined by means of the generating function 


e* — 1 


n—0 


n! 


and Bn{0) = Bn are the Bernoulli numbers with Bq = 1, Bi = —1/2 and i? 2 n-i ( 5 ) = B 2 n+i = 0 for n > 1. 
The Bernoulli functions Bn (x) are dehned by 


Bn (x) = Bn ({x}), n > 1 , 

— j 0, X integer, 

Bi[x) = < 

I i?i({x}), otherwise 

and satisfy Raabe theorem for any x 

'^Bn(x+^^ = r^~'^Bn (rx). 
3=0 ^ 


(3) 


En (x) are the Euler functions and we are only interested in the following property ([10, Eq. (4.5)]) 

r"-g(-l)^S„(^)=-fE„_,(x) (4) 

3=0 ^ 4 

for even r and any x. 

Bn,xix) are the generalized Bernoulli functions defined by Berndt [4]. We will often use the following 
property that can confer as a definition 


Bn,x (x) = fc” ^ ^ ^ ^ 

The Gauss sum G{z, x) is defined by 

fc-i 

G(z,x)= 

m—0 


We put G(l,x) = G(x)- If n is an integer, then [ 1 , p. 168] 


G(n,x) = x(»^)G(x)- 


Let ri and r 2 be arbitrary real numbers. For z € H and Re (s) > 2, Berndt [3] defines G {z,s : x ■ xi, X 2 ) as 


G(z,s : X : xi,r 2 ) 


E' 


x(TO)x(n) 

((m + ri) z + n + r 2 Y ’ 


where the dash means that the possible pair m = —ri , n = —r 2 is omitted from the summation. Extending the 
definition of x to the set of all real numbers by defining x (x) = 0 if r is not an integer, it is shown that 


G(z,s : X : xi,r 2 ) = 1 ^iTi/k) e^^^A{z,s: x ■ -xi,-X 2 )} 

r(s) 

+ x(-xi) {L(s,X, X2) +x(-l)e’'*''^(sW, -X2)} , 


( 6 ) 
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where 


Lis,x,a) = E x(to) {m + aY , a real and Re{s) > 1 

m>—a 

and 

OO OO 

A{z,s:x--rur2)= xM E 

m>—ri n—1 

For n = r 2 = 0 we will use the notations G{z,s : x) = G {z, s : x ■ 0,0) and A{z,s : x) = ^ (z, s : x ^ 0, 0). 
Also, for n = r 2 = 0, (6) reduces to 

r (s) G (z, s : x) = G(x) —-jTj H{z,s:x) 

where i? (z, s : x) = (l + A{z,s : x) ■ 

The following lemma due to Lewittes [14, Lemma 1]. 

Lemma 1 Let A, B, G and D be real with A and B not both zero and G > 0. Then for z S H, 


arg {{Az + B) / {Gz + D)) = arg [Az + B) — arg [Gz + D) + 2 ttI, 


where I is independent of z and I 


1, A < 0 and AD — BC > 0, 
0 , otherwise. 


In accordance with the subject of this study we present Berndt’s transformation formulas for ri = r 2 = 0 
(see [19, Theorem 2] for a generalization). 


Theorem 2 [3, Theorem 2] Let Tz = {az + b) / (cz + d). Suppose first that a = d = 0{mod k). Then for z G K 
and all s, 


{cz + d) ^ T {s)G {Tz,s : x) 

= X(&)x(c)r (s) G (z, s : x) + x(&)x(c)e“"" E E E A (a^c + j) x ( f f{z, s:c,d), 


k-1k-1 


j—l fi—O 1/—0 


where 


f{z,s : c, d) 


^-(lJ.c+j){cz+d)u/c gG+{dj/c})u 
^—{cz-\-d)ku _ ^ ^ku _ ^ 


u® ^du, 


(7) 


c 

where G is a loop beginning at +oo, proceeding in the upper half-plane, encircling the origin in the positive 
direction so that u = 0 is the only zero of — l) lying “inside” the loop, and then returning 

to +00 in the lower half-plane. Here we choose the branch of u® with 0 < arg u < 27r. 

Secondly, if b = c = 0{mod k), we have for z G K and all s, 


(cz + d) ® r (s) G (Tz, s : x) 

= X(a)x(c^)r (s) G (z, s : x) + x(«)x(c^)e""" E E E X (j) X ( 


k-1 k-1 


j—l fi—0 1/—0 


dj 


dpL — u\ f{z, s : c, d). 
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3 Transformation Formulas 


In the sequel, unless otherwise stated, we assume that k is odd. 

Put B' (z, s : x) = (l + B {z,s : x) ■ We then use the relation 

-S ( 2 , s : X) = ^ s : x) - X (2) (z, s : x) ( 8 ) 

in order to achieve transformation formulas for B' (z, s : x) • 

Theorem 3 Let Tz = (az + b) / (cz + d) with b is even. If a = d = 0{mod k), then for z € K and all s 


(cz + d) "G (x) B' {Tz, s : x) =X x(2c)G(x)B' (z, s : x) 


k-1 k-1 / 2c 


+ Xl ^)x( 2 c) e I I]>^( 2 cAi + j)x([i] - :/) / (|, s : 2 c, d) 


-X(2)2® ^^x(/ic + j)x( f fi^^s:c,d) \ . 


i=i 


If b = c = 0{mod k), then for z £ K and all s 


{cz + d) "G (x) B' {Tz,s:x)= xia)xid)G{x)B' (z, s : x) 

fe-ife-i /2c 

+ dn-v^ f 2c, d^ 


{d)j 

2c 


-X{a)x{d){-^Y e ^x(j)x( 

M =0 !^=0 \ I =1 

C 

-X(2)2®"^ ^ X (i) X ( T +d^i-v^ f{z, s-.c,d) 


i=i 


(9) 


( 10 ) 


where /(§,s : 2c, d) and f{z,s : c,d) are given by (7). 

Proof. Let b be even and consider Uz = (az + |) / (2cz + d). Since U {zjT) = ^T{z) we have by ( 8 ) 

(cz + dy" B'{Tz, s : x) = (2c| + d) H {U (z/2), s : x) - X (2) 2'*"^ (cz + dy" H{Tz, s : x) 

Applying Theorem 2 to the right-hand side of equality we get the desired results. ■ 

This theorem may be simplified for nonpositive integer value of s as in the following. 

Corollary 4 Let p be odd and Tz = {az + b) / {cz + d) with b is even. If a = d = 0{mod k), then for z £ H 

(cz-f d)^"^G(x)S'(Tz,l-p:x) = x(^)x(2c) (^G{x)B' (z, 1 - p : x) + ^^ gi(G d] z,p;x)'^ . (11) 

Ifb = c = 0{mod k), then for z £ HI 

(cz + d)^-'G(x)i3'(r^,l-p:x) 

= ya)x{d) [g{x)B' (z, 1 - p : x) + d; z,p; x)^ , (12) 
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where 


gi(c, d;z,p;x) 


= -E 


^ + 1 
m 


ck 


(-(cz + d))™-^r 


■ E x(n)Bp+i_r^ 


m—1 ^ n—1 

Proof. For s = 1 — p in Theorem 3, by residue theorem, we have 


(I'" 


(s)- 


f{z,l-p :c,d) = 


2'Kik'P' 


(p+ 1)! 


-1 p+i 

E 


m =0 


p + i 


(-(cz + d))™ ^ Bp+I_r. 


v + {dj/c} 


B„ 


d'C + J 
ck 


(13) 


(14) 


Let b be even and a = d = 0{mod k). Substituting (14) in (9) and by the fact that the sum over p is zero for 
m = 0 and the sum over i/ is zero for m = p + 1, we have 


{cz + df-^ G ix) B' [Vz, l-p:x)=x[l^ x(2c)G(x)i3' (z, 1 - p : x) 


+ X E X(2c) 




(27ri)^ ^ /p + 1 

(^+ 1 )' i'l V ™ 


k-lk-1 2c 


^ EEE^( 2 pc+j)x( 

(^^=0y=0 j=l 


(- (cz + d)y 


JZ 1 BpJ^\ — YYi 


v + {dj/2c}\ (2pc + j 


Bn 


X(2) 

2 p 


k—1k—1 c 






^=0 1^=0 j—1 


{dj/c} 


Bn 


2ck 

d-c + J 
ck 


We first evaluate the triple sum in (15). Observe that the triple sum is unchanged if we replace Bp+i-m ^ 


(15) 


(16) 


u+{dj/2c} 


by Bp+i-m since - r 


^ t/+{<jj 72 c} ^ 


when 0 < ^ 


— Bp-\-\ — m 

x{d) = 0 when = g (d = 0(mod k)). By the same reason the triple sum is unchanged when Bm 

is replaced by Bm ( (^)’ 


fc-l 2c 


fe -1 


y: y: X ( 2 mc 

p>—0 j—1 17—0 

A;-l 2c 


p+ 1 —m 


dj r dj ' 

2c L2c. 


= x(-l)fc™-^EEx(2/ic + j)Bp+i-™.y( ^ IB. 


11=0 j=l 


2pc + j 


2ck 


Put 2pc + j = n, where 1 < n < 2ck in the right side of equality above. Since Bp^^ {—x) = (—1)^ X (~1) ^p.x (^) 
and Bpr^ (x + k) = Bp-^ {x ), (15) becomes 


2ck / r! \ 

x{-l)k^ p^^(„)Sp^i_^_(^_js^(_) 

n—1 ^ '' 

ck / W \ 

= x(-l)fc™“^^x{«) Bp+i_m,x(^J ‘^Bm (^) . 

n—1 ^ ' 

Secondly, (16) can be evaluated as 

X(-I)fc—^x(2)2-^^x(n)Bp+i_™.^ Bm (^) • 

n—1 ^ ' 


(17) 

(18) 

(19) 
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It can be seen from (5) and (3) that 


X{r)r^ 


r — 1 

3=0 



for (r, k) = 1. Thus, in the light of (20), (19) becomes 


ck 

X (-1) X H 

n—1 




( 20 ) 


( 21 ) 


Then, utilizing (3) and (4), (18) and (21) yield (11) for 2 € K. Since the functions gi{c, d; z,p) and B' {z,l — p : x) 
are analytic on H, (11) is valid for all z G H by analytic continuation. 

The proof for b = c = Q(rnod k) is analogous. ■ 

By taking Vz = T {z + k) = {az + 6 + ak) / {cz + d + ck) with a and b are odd, instead of Tz = (az + b) / (cz + d) 
in Corollary 4 we obtain the following result which involves a different sum. 


Corollary 5 Let p be odd and let V z = {az + b + ak) / (cz + d + ck) with a and b are odd. If a = d = 0{mod 
k), then for z G HI 

(cz + d + cfc)^”^ G ix) B' {Vz,l-p:x) 

= X X(2c) |g(x)B' (z, 1 - p : x) + ^\ i{g d + ck] z,p] x)| . (22) 

If b = c = 0{mod k), then for z G HI 

(cz + d + ck)^~^ G (x) B' {Vz,l - p : x) 

(Oni)^ vl-ll 

= x{a)x{d)G{x)B' {z, l-p: x)+ x{a)x{d) ^ (p + 1)! di(c, c? + cfc; z,p; y), (23) 

where 


gi{c,d + ck-,z,p;x) 

P / I 1 \ cfc 

= - X! (j (- (C2 + d + cfc))™”^ Y xH^p+i-"*.x 

m—1 ^ ' n—1 



(24) 


We note that this result shows that the sum S{d,c) can arise in the formula for log 6*4 , where a 

and b are odd. 

We conclude this section by assuming that a is even instead of b in Theorem 3. 


Theorem 6 Let Tz = {az + b) / {cz + d) with a is even. If a = d = 0{mod k), then for z G IK and s G C 

' rG{x)B'{Tz,s:x) 


{cz + d) 

= xib)xic)G{x) {2H ( 2 z, s : x) - x(2)i? {z, s : x)} 

+x(%(c)f-^)%—EEEx(cd+.) 


j—l ^—0 Ly—O 


{2x ( ^ - ^) /(2^, s : c, 2d) - x(2)x ( ^ /(^> s : c, d)| . 


(25) 
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If b = c = 0{mod k), then for z S K and sGC 


{cz + d)-^GCx) B' {Tz,s:x) 


■ X (^) x(2d)G(x) {2H {2z, s ■. x) - x{‘^)H {z, s : x)} 

+ x(|) X(2rf) 

X {2X ([^] + 2rfM - /(2^, s : c, 2d) - 


c k—1 k — 1 

'■"'EEE^o) 

j—l fi—0 if—O 




+ dfj.-iy'^ f{z,s : c,d)| 


(26) 


Proof. Let a be even and Wz = (§ 2 ; + b) / {cz + 2d). Since W {2z) = ^T{z) we have by (8) 

{cz + d)”® B'{Tz, s : x) = 2" (2cz + 2d)“'* H(W (2z) , s : x) - X (2) 2'’-^ (cz + d)~" H{Tz, s : x)- 
Again applying Theorem 2 to the right-hand side we get the desired results. ■ 

Corollary 7 Let p be odd and a be even. If a = d = Q(rnod k), then for z S H 

2P icz + d)P-^Gix)B' iTz,l-P-x) 


= xib)xic)G(x) {2id (2z, 1 - p : x) - x(2)dd iz,l-p-. x)} + x(b)xic) i^iri) 


P x(-2) 

(p + 1)! 


92(0, d;z,p;x)- (27) 


If b = c = 0{mod k), then for z £ HI 
2J> (cz + d)^-'G(x) B' (TzA-p-.x) 

= X (^) x(2d)G(x) {2i7 (2z, 1 - p : x) - x(2)77 (z, 1 - p : x)} + X (|) x(2d) (27ri)^ d; z,p; x), 

(28) 


where 

52 (c,d;z,p;x) = -^ (^m^) d))'^~^ jjn-pfff ^ (-1)" y(n)Bp+i 

m—1 ^ X n=l 

Proof. Let a be even and a = d = 0(mod k). Since 

/(z, 1 - p : c, d) = ^ ^P+i-™ (- 

(25) becomes 



±M/£}'\ fj (t£±i\ 
k J \ ck ) ’ 


2 P (cz + d)P-'G(x) S' (rz,l-p:x) 

= x(^)x(c)G(x) {2id (2z, 1 - p : x) - x(2)dd (x, 1 - p : x)} 




m— 1 


(p + 1 )! 

f m =0 


c fc—1 k—1 


TEE x(cM + i)x ( 


j = l /.i=0 v—0 
c k—1k—1 


2dj 


-v\B. 


5p4-l —m 




x{cM +j)x ([f ] -(H^) I . 


j = l /J,=0 2/=0 


(30) 

(31) 


X 




















Note that the above sums over fj, and v are zero for m = 0 and m = p+1, respectively. Similar to the evaluation 
of (15), (30) can be evaluated as 


ck 






n—1 


\ C J 


(s) 


(32) 


and (31) can be evaluated as 

x(2)x(-l)fc™-^>£x(n);B,+i_™.^ Brn (^) 

n—1 ^ ^ 

= x( 2 )x(-l)fc™-^ E X ( 2 ^) 


\ c 


(33) 

(34) 


since 2n runs through a complete residue system (mod ck) as n does, for (2,cfc) = 1. Substituting (32), (34) in 
(30), (31), respectively, and using (3), (4) we have 

(^) {b„ (^) -B. ()) + 1 

n—1 \ / V \ 


ck 


( cfc —1 

^ I x( 2 n))Bp+i_„,- 

n=l 


^ 2 nd 


ck 


= -x(- 2 )-fc—^ 


_, , — / 2iTid\ — f 2,71 


^ ' X (2^T- + 1) Bp^i-rn,x 


n—0 


d {2n + 1 ) 


Er, 


ck 

2ti 1 
ck 


= -x(-2)|fc—(-l)'^x(n)i?p+i-„,.X (^) . 

n=l ^ ^ 

This gives (27) for z G K. Then, by analytic continuation, (22) is valid for all z G H. 


4 Reciprocity Theorems 

In this section we prove some reciprocity theorems. The next result can be viewed as the reciprocity formula 
for the function gi{d, c + dk; z,p] x) given by (24). 

Theorem 8 Let p and (d + c) be odd with c, d > 0 and (c, d) = 1. If d = 0{mod k), then 

gi{d, -c - dk; z,p\ x) - x(-4) {z - kY~^ gi(c, d + cfc; Vi (z) ,p; x) = gi(l, -fc; z,p\ x), (35) 

if c = 0{mod fc), then 

gi{d, -c - dk; z,p;x) - x(-4) {z - k)^~^ gi{c, d + ck; Vi (z) ,p;x) = di(l, -k; z,p;x), (36) 

where Vi(z:) = (—fcz + fc^ — l) / (z — fc). 
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Proof. Let d + c be odd and V (z) = (az + b + ak) / {cz + d + ck) , where a and b are odd. Further let 
V* {z) = {bz — a — bk) / (dz — c — dk) and Vi (z) = i^—kz + — l) / (z — fc). 

Suppose a = d = 0{mod k). By replacing z by Vi(z) in (22) we get 

= X(b^^)?t(2c)G(x)B' (Vi( 3 ), 1 - p : I) + X( ^ )x{‘^c)Gix) + cfc; Vi(z),p;X). (37) 

By applying V*{z) to (23) we deduce that 

(^dz-c- dkr^ G ix) B' (l/*(z), 1 - P : x) 

= x(^)x(-c)G(x)B'(z, 1 - p : y) + -c - dfc; z,p; x)- (38) 

To determine B' (Pi(z), 1 — p : y) we replace V(z) by Vi(z) and y by y in (22) to obtain 


{z-kr-^G{x)B'iVAz),l-p:x) 

= x(^-Y^)x(2)G(y)S' (z, 1 - p : y) + y( ^ ^ ^ )y(2) ^^ gi(l, -k; z,p; y). (39) 

Combining (37), (38) and (39) we see that 

X(^)x(c) (^gi{d,-c- dk]z,p;x) - x(-4) {z - k)^~^ gi{c,d + ck]Vi{z),p-,x)) = x(&)x(c)pi(l,-A:; z,p; y). 

This gives (35) since y( 6 ) ^ 0 and y(c) ^ 0 for (6, k) = (c, fc) = 1. 

To prove (36), first replace z by Fi(z) in (23) and apply V*{z) to (22), and then replace V{z) by Vi(z) in 

( 22 ). ■ 

The theorem above may be simplified for the special value of z. In particular, we consider z = (c + dk) /d 
and let d = 0{mod fc). We first calculate pi(l, —fc; z,p; y). For this, we use (17) and (19) instead of (24) and 
find that 


pi(l,-fc;z,p;x) = X] ^ 

m—1 ^ ' 

X |^^y(n);B,+i_,„.^ (^) -x(2)2-^fci-'"Bp+i. 


m, X , X I ’ 


The sum over n may be written as 

( ^ ^ ) X (^) 


odd n even/ 


/ —kn\ 

i — / n \ 




-k 


2k 


- ( 2 ) ( T] X] ) + X] ’ 

' \n=l n even/ n even 


where 


Bp^l — m^X 


-fc 

T 


BpJ^-\—m 


,^0) = (y(2)2™-^>-l)il^+i_„,,. 


X = X ^ ( 2 n) Br, 


n—1 


(§)=x(2)fc^-™i?7„.y 


n even 
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and 


2k k ^ 


n—1 

_ rsl — myl—m ID _ 

— Zi ft. IDyti^X 




by (20), (5) and (3). Thus, 


gi(l,-fc; y) 


= E (-3"”' (^(2)2™ - 1) (2-^x( 2) - 2i-™) 

m=l ^ 

The functions gi(c, d + cfc; tP\x) a-nd gi((i, —c — dfc; 2 :,p; x) become 


—m.x^m^X' 


(40) 


gi{c,d + ck] 


—d — ck 




ck 


— f d + ck 


2c 


(41) 


and 


gi{d,-c-dk; '^^^^ ,p;x) = E f 

n=l ^ 


— / —c — dk 


2d 


= x(-i)^^E>^(^)^p.> 


dfe 


n=l 


c + dk 
2d ’ 


(42) 


by the fact (—x) = (—1)^ x (~1) ^p.x (^) ■ 

Definition 9 The Hardy-Berndt character sum Sp {d, c : x) *s defined for c > 0 by 

' d + ck 


ck / 

5'p (rf, c : x) = E ^ (n) Sp,^ f 

n=l ^ 


2c 


Using (40), (41) and (42) in (35) we have proved the following reciprocity formula for d = 0{mod k). The 
proof for c = 0{mod k) follows from (36). 

Corollary 10 Let p be odd and let d and c be coprime positive integers with {d + c) is odd. If either c or 
d = 0{mod k), then 

X(-1) ip + 1) {cdFSpic, d-.x)+d.<f x(4)S'p(d, c : x)} 

= E (-ir {X(2)2'" - 1} {x(2)2i-P - 22—} 

Corollary 4 do not give reciprocity formula for the function gi(d, c\z^p\ x) in the sense of Theorem 8 because 
of the restriction on b (b is even). By the similar restriction on a in Corollary 7 we do not have reciprocity 
formula for the function 52 (d, c; z,p; x)- However, we have the following result. 

Theorem 11 Let p and d be odd with c,d > 0 and (c, d) = 1. If d = Q(rnod k), then 

x(- 2 )g 2 (d,-c;z,p;x) - 2 ^zP“^gi(c, d; —,p;x) = x(- 2 )g 2 (l, 0; z,^; x), 

z 
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if c= 0{mod k), then 

x{-2)g2id,-c-,z,p;x) - 2PzP~^gi{c,d-—,p;x) = x{-‘^)92{l,0\ z,p;x)- 

z 

Proof. Let d be odd and T (z) = {az + b) / {cz + d) , where b is even. Let T* {z) = {bz — a) / {dz — c) and 
Ti (z) = - 1 /z. 

Suppose a = d = 0(mod k). By replacing z by Ti{z) in (11) we get 

G{x)B'iT*{zll-p-.x) 

= X(^)x(2c) \g{x)B' {Ti{z), l-p:x) + d; Ti{z),p;x)] ■ (43) 

Applying T*{z) to (28) gives 

2 ^^ {dz-cr-^G{x)B'{T*{z),l-p-.x) 

= x(^)x(- 2 c)G(x) |2iL {2z, 1 - p : x) - x( 2 )i? {z,l-p:x)] 

+ X(^)x(-2c) (27ri)P ^^^‘fy 92 {d, -c; z,p; y). (44) 

If we replace T{z) by Ti{z) and y by y in (27) we see that 
2 PzP-^G{x) B' (Ti( 2 ),l-p:y) 

= x(-l)G(y) ^2H{2z, 1 - p : y) - y(2)iL (z, 1 - p : y)| +y(-l) {2mf ^^^ 52 ( 1 , 0; z,p; y). (45) 

Combining (43), (44) and (45) deduces that 


X(^)x(- 2 c) {y(-2)p2(d, -c; z,p] y) - 2 ^^^ ^pi(c, d; ri(z),p; y)} = y(^)y(-2c)y(-2)p2(l, 0 ; z,p; y). 

This completes the proof for a = d = 0{mod k) since y(5/2) 7 ^ 0 and y(—2c) 7 ^ 0 for ( 6 , k) = (2c, k) = 1. 

The proof for b = c = Q(rnod k) is similar. ■ 

This theorem is simplified by setting z = c/d. To calculate 52 ( 1 ,0; c/d,p-, y), we use (32) and (33) instead of 
(29), and find that 

x(-2)52 (i,0; ^,4';x) 

= X(-1)E (-^)'"''{2--y(2)}fc-^ExW^P+i--.x(O):B^0 

m—1 ^ n—1 

= y(-l)fci-^E [-^y~\2^-m}Bp+i-m,^B^,X- (46) 

m—1 ^ 

We also have 


gi{c,d;-d/c,p;x) 
P 2 (d,-c; c/d,p\x) 


ck 


^2^x{n)Bp,^\ — 1 , 


n—1 

dk 


n—1 ^ 


dk 


l)gX|:,-.r.(n)B„(=). 

n=l 


(47) 


(48) 
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Definition 12 The Hardy-Berndt character sums s^^p (d, c : x) (d-, c : x) ^^6 defined for c > 0 by 

53, p (d, c : x) = ^ (-1)" X (n) Bp^^ f—'\ , 

U=1 ^ ^ ^ 

ck 

54, p {d,c:x) = '^X {n) Bp^^ 

n—1 

Using (47), (48) and (46) in Theorem 11 we have proved the following reciprocity formula for S 3 ^p(d, c : x) 
and S 4 ,p(d, cry). 

Corollary 13 Let p be odd and let d and c be coprime positive integers with d is odd. If either c or d = 0{mod 
k), then 



X(-1) (P + 1) {d {‘icf S4,p(d, c : x) + cd^’x(2)s3,p(c, d : x)} 

= 2 E (-1)" {X(2) - 2^} c^dP+^-^Bp+4.m,^Bm,x- 

m=l ^ 


5 Further Results 

For c > 0 and 1 < to < p we define 

‘5'p+i —m,m (d, c : x) = 
{d, c : x) 

Note that we have 


71 = 1 ^ 

71=1 ^ 


Sp{d, c : x) = -25'p,i (d, c : x) and S4,p (d, c : x) = -2s4,p,i (d, c : x) ■ 


The fixed points of a modular transformation Tz = {az + b) / (cz + d) are 21^2 = 


a — d ± 


■df 


4 /2c. 


Then z = — d-\- {a + d)^ — Aj /2c is in the upper half-plane O |a -I- d| < 2. 

Following Goldberg ([13, Ch. 7]), we employ fixed points of a modular transformation to deduce certain 
properties of S 4 ,p+i-m.m (d,c : x) and Sp+i-m,m id,c : x)- 


Theorem 14 Let d, c and k be odd integers and let c = 0 (mod k) and d^ = —1 [mod c). If p = x (~1) (mod 4), 
then 

E ^ fc™S4,p+l-m,m (d, C : x) = 0. 

If p = —X (~1) (mod 4), then 

4x (-1) G (x) B (zo, 1 - p : x) = — E (^^0 A:'"“Ps4,p-Hi-m.m (d, c : x) , 

where zq = (—d + i) /c. 
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Proof. Let a = —d and = — 1 (mod c). Then, there exist an even integer b such that —— be = ad — be = 1. 
Hence, Tz = (az + b) / (ez + d) is a modular transformation and zg = (—d + i) je is a fixed point of Tz in the 
upper half-plane. Therefore, by setting a = —d and z = zq = (—d + i) /ein (12) we see that 

^|^^^5i(c,d;zo,P;x) = - x(-l)) G ix) B' (zq, 1 - p : x) ■ 

It follows from this and (13) that \i p = x (“1) (mod 4), then 

fc™“Ps4,p+l-m,m (d, C : x) = 0 

m—1 ^ ^ 

and if p = —y (—1) (mod 4), then 

4x (-1) G (x) B (zo, 1 - p : x) = X] (^m ^ A:™“Ps 4 ,p-Hi-m,m (d, c : x) • 

■ 

From (11), similar result to that of Theorem 14 can be obtained for d = 0 (mod k) with real x- Moreover, 
from Theorem 14, it is seen that 


2 G (x) B {zg, 0 : x) = Tris^ip (d, c : x) 

for p = 1 = —X (—1), and S 4 _i_i (d, c : x) = 0 for p = 1 = x (—1) ■ In addition, if x is real, then 34 ^ 2,2 {d, e : x) = 0 
and S 4_34 (.d, c : x) = ^^^ 44,3 (d, c : x) for p = 3 and x (~1) = ~1- 

The next theorem follows from (23) by using V (z) = {az -I- 6 -b ak) / {ez -b d -b ek) with a and b are odd, and 
a = —d — ek. 

Theorem 15 Let (d -b c) be odd and let c = Q {mod k) and d^ = —1 {mod e). If p = x (~1) {mod 4), then 

£ C m 0 (d, C : x) = 0. 

If p = —X (~1) {mod 4), then 

-4x(-I)G(x)-B(zi,l-p:x) = X ^ ’ 

where zi = (—d — ek + i) /c. 

In the sequel we will frequently use the following lemma [11, Lemma 5.5]. We state it here in the following 
form for x = y = 0. 

Lemma 16 Let (c, d) = 1 with c > 0. Let x is a primitive eharaeter of modulus k, where k is a prime number 
if {k, ed) = 1 and p is even, otherwise k is an arbitrary integer. Then 

X x{n)B,,^ ^ = c^-^x (c) X {-d) (F - 1 ) Hp ( 0 ). 

n=l 2 

We want to show that the reciprocity formulas given by Corollaries 10 and 13 are also valid when (c, d) > 1. 
For this we need the following. 
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Proposition 17 Let p be odd and c > 0 with (c, d) = 1. Then, for positive integer q, we have if {d + c) is odd, 

Sp{d,c:x), q odd. 


if c is odd. 


if d is odd. 


Sp{qd,qc : x) = 


S3^p{qd, qc:x) = 


S4,p{qd,qc : x) = 


0 , 


q even, 


53, p{d,c: x), q odd, 

0 , q even, 

54, pid,c : x), q odd, 

0 , q even. 


Proof. Led d be odd. By the definition of S4^p{d, c : x), we have 


qck 


S4,p{qd, qc:x) = Yl x{n)Bp^^ 

kdm\ 

2c ' ~ir J 


— /dn kdm\ — f dn km\ 

n—1 m—0 ^ 


n—1 m—0 


It follows from (20) that 


m—0 

Thus, by Lemma 16 we have 

Let c be odd. We have 


Vr / ^x(2)2i-^’i?,,^(^^)+Bp.^(f), godd. 

^ 2c ^ 2 ; \ lx (2) {^) , q even. 


S 4 ,p{qd, qc:x) = 


S 4 ,p{d,cx), (? odd, 

0 , q even. 


qck / fi \ 

S3,p{qd, qc-.x) = ^ (- 1 )" x{n)Bp^^ ( — ] 

n=l ^ ^ / 


ck q-1 y , x q-l 

= XI XI i-^ + kmj = S 3 ,p{d,c: x) X 

n=l m—0 ^ ' m—0 

which completes the proof. ■ 

Now from Proposition 17 and Corollaries 10 and 13, we arrive at the following reciprocity formulas for 
(c, d) > 1. 

Corollary 18 Let p be odd and let c, d > 0 with (d + c) odd, {c,d) = q odd and {q,k) = 1. If either c or 
d = 0{mod k), then 


X(-1) (P + 1) {cdPSp{c, d : x) + dcPx(4)S'p(d, c : x)} 



Corollary 19 Let p be odd and let c, d > 0 with d odd, (c, d) = q odd and {q, k) = 1. If either c or d = 0{mod 
k), then 


X(-1) {P + 1) {d ( 2 c)^ S 4 .p(rf, c : x) + cd*’x( 2 )s 3 .p(c, d : x)} 

p+i / I -1 \ 

= 2 E j (- 1 )™ (X( 2 ) - 2 -) 

m=l ^ 

So far we assume that {d + c) and p, c and p, d and p are odd for the sums Sp{d, c : x): s^^p(d, c : x) and 
S 4 .p(d, c : x)) respectively. For the remaining three cases these sums may be evaluated as in the following: 


Proposition 20 Let k be as in Lemma 16 and odd. For c > 0 with {c,d) = 1, we have 

{ 0, p odd and {d + c) even, 

X (2) A, p and {d + c) even, 

2~Px (2) A, p even and {d + c) odd, 
where A = c^“^’x (c) X i~d) {k^ — 1) Bp. 

0, c + p odd, 

(2P — 1) A, p and c even. 

0 , p odd and d even, 

(ni) S 4 ,p{d, c : x) = <1 P and d even, 

2~^X (2) A, p even and d odd. 

Proof. Let {d + c) be even. Then, (c? + ck) is even and 

ck / / T . 7 \ /rx \ ck 


(a) S 3 ^p{d,c : x) = 


Sp{d, c : x) = E xin)Bp^^ / (d + fcc) /2 A ^ ^ xH-Bp, 

n=l \ c / 


— f (d + kc) /2 


by the identity Bp^^ {—x) = (—1)^ x (~1) Bp^^ (x). Hence, from Lemma 16, we get Sp{d, c : x) = 0 for odd p, 
and Sp{d, c : x) = X (2) A for even p. 

Let p be even and {d + c) be odd. We have 


ck 


Sp{d, c : x) = E xin)Bp,^ ■ 

n—1 

Upon the use of (20) we deduce 

ck 

2Sp{d, c : x) = E Xin) {Sp,^ (+ Bp,^ ( 

n—1 

ck 

= 2^-Px{‘2)Y.x{n)Bp,^{^). 

n—1 

Thus, using Lemma 16 we complete the proof for Sp{d,c : x)- ■ 


-jj j (d+kc)n . fc 
2c 'X 2 


)} 
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6 Integral Representations 

In [4] , Berndt derived the character analogue of the Euler-Maclaurin summation formula. We apply this formula 
to generalized Bernoulli function to obtain identities involving integrals for {d, c : x) and S 4 _p {d, c : x) ■ These 
identities lead an alternative proof of Corollary 13 which is given in the end of this section. 

Berndt’s formula is presented here in the following form. 

Theorem 21 [4, Theorem 4-1] Let k he an arbitrary integer and f G [<a,/?] , ~oo < a < fd < oo. Then 




'x {n) / (n) = X (-1) {P) (/?) - («) («)} 

a<n</3 j—0 

I ^ 

+ X(-1) {u)du, 

a. 

where the dash indicates that if n = a or n = (3, only iy ('a) / (<a) or ^x {P) f iP) i respectively, is counted. 
Let / (x) = {xy), y G R, and c be a positive integer. The property 


dx 


Bm,x (x) = mBm-i,x {x), m>2 


([4, Corollary 3.3]) entails that 


d^ 


dd 


p\ 


f (*) = -T-t^P.x i^y) = y^l - (xy) 


for 0 < j < p — 1 and / € [a, /3]. 

We consider the following three cases; 

L) y = h/c, a = Q and /3 = cfc, 

II) y = b/ (2c), a = 0 and /3 = ck, 

III) y = 26/c, a = 0 and jd = cfc/2, 
where c > 0 , separately. 

For a = 0, /d = ck and l<Z + l<p — 1, Theorem 21 can be written as 

ck / ^ s I 


Y ^ ^^y) = ^ (l + l) {Bp-j.x (cky) - Bp-J,x} Bj+i,x 

n^l ^ j^O / 


ck 


-x(-l)(- 2 /)*’^^ / Bi+i^^{u)Bp_i_i^^{yu)du. 


I) Let y = b/c, a = 0 and fd = ck. Then (49) becomes 


= -x(-i)(,];j)(-j) /j 

n—1 n 


I J Bl+i,x {u) ) du. 

0 


If 6 = c, combining (50) and Lemma 16 with d = c = 1 we deduce that 

k 

Br,x (U) Bm,x {U) du = (-I)""' , {k”^+^ - 1 B^+r 

(m + r)! ' / 


(49) 


(50) 


for k as in Lemma 16 (where 1 + 1 = r, p — 7 " = to). 
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Remark 22 The equation above stated as 


_ _ ^ 

Br,x{u)Bm,x(.u)du = w, r > 1 

[m + r)\ 


in [4, Proposition 6.6 ]. 


If 6 = ck, it follows from the fact YTn=o X (’^) = 0 a-nd (50) that 


(w) {ku) du = 0 . 


0 


• Now assume that (b,c) = 1. Then, it follows from Lemma 16 and (50) that 

k 


— — f-lV 

Bi+i,x {cu) Rp-i-i.x {bu) du = T-^-rji^X (c) X (b) {k^ - 1) Bp 


0 




for k as in Lemma 16. 

• Let ( 6 , c) = q and put c = gci, b = qbi. From the equation above, we have 

k k 

/ Bi+i^xi^'^)Bp-i-i,x{bu)du= / Bi+i^xi^i'^) Bp-i-i,x{biu)du 


0 


0 


^(- 1 )‘ fc\^fb 


= 9" 




x{-]x(-]ik^-l)B, 


for k as in Lemma 16 with replacing c by ci and 6 by 6 i. 

II) Let k and b be odd and consider y = b/2c with ( 6 , c) = 1. From (20), for odd b we have 


{bk 


Bp-j,x 12 '” 


^ — Bp-j^x ^2^ ~ {2^^^ ^x(2) Bp-j,x- 


Therefore, (49) becomes 


ck / 

S4.P (5,c : x) = ^x(^) Bp^x [ 
n=l ^ 


^ f h 

2c 

p 


= i (”+')(-))' "u ( 2 )- 2 ”) 

m—p—l ^ / \ / 

- X (-1) cL ^ J (“^) / Bp_i_i^x du 


(51) 


(52) 


by setting j = p — m. 

For I = 0 we have the following integral representation; 


k 

X (-1) S4,p (&, c : x) = y J Spy (c^) ^p-i.x du - {2^"Px (2) - 2} Bp^xBi.x- 


(53) 
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• If p is even, it is seen from (52) and Proposition 20 that 


Z +1 


/ + !/ V 2c 


“4 ) / (^u]du 


= -2-r>c^-Pxi2c)x{b){k^-l)B,-^ ^ r 

m—p—l ^ 

for k as in Lemma 16. 

• Let p be odd and put Z + 1 = p — 1 in (52). Then, 


p + 1 
m 


{X(2)-2™}B„ 


X (-1) iP+^)b i2cf S4,p (fo, c : x) 


= 2J2 (- 1 )™ bP+^-"^c^ {x ( 2 ) - 2 ™} B, 

m=2 V / 


m,xBp-\-l — m,x 


— 2cbPp (p + 1 ) c f Bp-i^-^ [cu) i?i,x ( ) du. 


Ill) Let k and c be odd and consider y = 26/c, a = 0, /3 = ck/2 with ( 6 ,c) = 1. Then, 
and Eq. (51) we have 


0<n<ckl2 


2b 


(cfe-l)/2 


= X ^ 


n—1 


2b 



)i/ + (&M)rfM- 


Now consider the sum {b, c : x) ■ 


ck 


S3,p ( 6 ,c : x) = X (-l)"x W 


, , f 2b'ri\ f bTi\ 

= 2x (2) X ^ (- ) -^X{n) Bp,^ — ■ 

n=l V / n=l ^ 

If p is even, then from (55), Proposition 20 and Lemma 16 


"" c) \l + l 


{bu)du 

= -c^-"x(c)x(26)(F-l)i?p-^X(^^+^) (^-^y '{x(2)-2^}B,,^L 


for A: as in Lemma 16. 


,xddp+i—m,x 


(54) 

from Theorem 21 


(55) 


(56) 


'p+i-i.x 
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• Let p be odd. Put / + 1 = p — 1 in (55). Then, (55), (56) and Lemma 16 yield 




(57) 


0 

Putting / = 0 in (55) gives an integral representation for 3 ^^ (5, c : x)‘ 


k 



(58) 


0 

Combining (57) and (53) (or (54) and (58)) we arrive at the reciprocity formula 


X (-1) (p + 1) {c (25)^ S4,p (c, 6 : x) + X (2) bc^ss^p ( 6 , c : x)} 

. tp^P+i-j ( 2 ) _ 2 ^} 



given by Corollary 13 without the restriction c or 6 = 0{mod k). 
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